Abstract The paper re-evaluates Verhulst and Monod models. It has been claimed that standard logistic equation cannot describe the decline phase of mammalian cells in batch and fed-batch cultures and in some cases it fails to fit somatic growth data. In the present work Verhulst, population-based mechanistic growth model was revisited to describe successfully viable cell density (VCD) in exponential and decline phases of batch and fed-batch cultures of three different CHO cell lines. Verhulst model constants, K, carrying capacity (VCD/ml or lg/ml) and r, intrinsic growth factor (h -1 ) have physical meaning and they are of biological significance. These two parameters together define the course of growth and productivity and therefore, they are valuable in optimisation of culture media, developing feeding strategies and selection of cell lines for productivity. The Verhulst growth model approach was extended to develop productivity models for batch and fed-batch cultures. All Verhulst models were validated against blind data (R 2 [ 0.95). Critical examination of theoretical approaches concluded that Monod parameters have no physical meaning. Monodhybrid (pseudo-mechanistic) batch models were validated against specific growth rates of respective bolus and continuous fed-batch cultures (R 2 & 0.90). The
Introduction
In the present study, two types of unstructured, unsegregated models were examined with the view to develop biologically significant mechanistic models which can be used for monitoring and optimisation.
The first type, a mathematical one, is based on the Verhulst and Gompertz functions (Verhulst 1847; Gompertz 1825) , which are extensions of the Malthusian (Malthus 1798 ) population model. The logistic function (Verhulst 1838; Robertson 1908 ) is one of most classic growth models. The major advantages of this logistic function are mathematical simplicity and biological interpretability (Wan et al. 2000) . Therefore, Verhulst logistic model has played a central role in many aspects of theoretical and applied physiology (Krebs 1996) . However, Verhulst model is asymptotic, describing only exponential phase of growth (Jolicoeur and Pontier 1989; Goudar et al. 2005) . Furthermore, in some cases the logistic model fails to fit somatic (body cells) growth data satisfactorily (Ricklefs 1968; Cui and Lawson 1982; Jolicoeur and Pontier 1992; Wan et al. 1998) . Therefore, to fit growth data set many attempts have been made to construct a generalised form of ordinary 3-parameter logistic equation (Richards 1959; Cui and Lawson 1982; Pontier 1989, 1992; Wan et al. 1998) . Notably amongst them is a four-parameter generalised logistic model (Jolicoeur and Pontier 1989) to describe exponential and decline phases of population of Paramecium caudatum; Wan et al. (2000) developed a new fourparameter generalised model to describe somatic growth in 12 mammalian species; Goudar et al. (2005) , who used the four-parameter model to describe growth, also developed the logistic model for the productivity of CHO cells. Four-parameter generalised models are descriptive (empirical) and not explicative (theoretical) (Jolicoeur and Pontier 1989) . The model constants (parameters) are fitted by least-squares, requiring a large experimental data set (Jolicoeur and Pontier 1989; Goudar et al. 2005) . Thus, a fourparameter generalised model is empirical and their constants have no physical or biological significance.
In the present study, the Verhulst function is revisited with a completely new perspective. The Verhulst-modelling approach was chosen because it is simplistic, yet effective and mechanistic in nature (Wan et al. 2000) . Two separate Verhulst populationbased (V-PB) logistic models were developed, one to describe exponential phase and the other for decline phase of CHO populations in batch and fed-batch cultures. Finally, for monitoring purposes, the two Verhulst (V-PB) models were replaced by a single model in the form of Heaviside function to describe the complete cycle of the exponential and decline phases of population. The method of modelling V-PB for the growth was adapted to develop the Verhulst model for productivity (V-Pr) for batch and fed-batch cultures. The Verhulst substratebased (V-SB) models, wherein the growth rate is proportional to the product of the initial cell density and substrate concentration, for batch and fed-batch cultures were developed specifically to compare with the respective Monod models, which are also substrate-based.
The model constants K s , carrying capacity (growth or productivity/ml) and rs, intrinsic factors (h -1 ) for batch and fed-batch are computed mathematically from the Verhulst equations using growth or productivity data. Verhulst model constants, K and r, together define the trajectory or course of bioprocess. All Verhulst models-V-PB, V-SB and V-Pr for the batch and fed-batch cultures were validated against a new set of data.
The second type, borne of commercial necessity, is the Monod model (1949) . The saturation constants (K s ) in the Monod-type equation cannot be determined experimentally and therefore, they are either chosen arbitrarily or from literature to give the ''best fit'' for the growth curve (Roels 1983; Liu 2007; Nielson et al. 2003) . The Monod equation is not a theoretical model because the constants within it have no physical meaning (Kovarova-Kovatr and Egli 1998; Alexander 1999; Ferenci 1999; Liu 2007 ) and they show a wide variation (Roels 1983; Bailey and Ollis 1986; Grady et al. 1999) . Thus, the Monod model is purely an empirical one based on fitting experimental data by choosing model constants arbitrarily (Grady et al. 1999) . However, Flickinger and Drew (1999) disagreed, pointing out that many microbiologists consider Monod equation as having deep inherent meaning rather than just an empirical formula. In order to resolve the controversy, Liu (2007) reviewed various representative mathematical approaches (i.e., kinetic, thermodynamic and substrate transport) for deriving the Monod equation in the expectation of finding physical meaning of the model constants within. However, he concluded that because of different assumptions are in each of the approaches, no physical meaning of the Monod constants (K s ) can be arrived at and that the Monod equation would only have numerical meaning for microbial growth but might not have biological basis other than a regression-based mathematical formula.
Bearing this in mind, the present study attempts to provide experimental evidence to validate biological significance of the model constants in the Monod equation. Therefore, the constants in the Monod models were determined from the batch experiment by using regression methods rather than selecting them arbitrarily from the literature to fit the data. The resulting Monod-hybrid (pseudo-mechanistic) batch models were applied subsequently to the corresponding bolus and continuous fed-batch cultures for validation.
The efficacies of all models were determined in terms of ''goodness of fit'' (R 2 ). The Verhulst and Monod models were compared for their efficacies (''R 2 '') and the model constants within them were evaluated for the physical meaning and biological significance.
Materials and methods

Cell lines and cultures
The data on batch and fed batch cultures of three CHO cell lines were used in the present study; two cell lines were cultured in our laboratory (CHOK1 SV producing MAb and CHO320 producing IFN-c) and the data for the third cell line (CHO IFN-c) was from the published work (Chee et al. 2005) .
CHOK1SV cells were cultured in 50 ml flasks (referred to as D1); CHO320 cells were cultured in 3 and 15 l stirred tank bioreactors (referred to as D2 and D3, respectively); CHO IFN-c cells were reported to have been cultured in a 3 l bioreactor (referred to as D4). The batches are referred to as B, the bolus (periodic feeding) fed-batches as BFB and the continuous (continuous feeding) fed-batches as CFB (Table 1) .
Small scale experimental data were obtained using CHOK1SV cell line expressing monoclonal antibody (MAb) B72.3-IgG4 (kindly supplied by Lonza Biologics, Slough, UK). Cells were maintained in a chemically defined CD-CHO medium (Bioscience, Dublin, Ireland) supplemented with 25 lM methylamine sulphoxamine (MSX) (Sigma Aldrich, Dublin, Ireland) and cultivated in 50 ml medium in 250 ml Erlenmeyer Flasks in an orbital shaker incubator stirred at a speed of 140 rpm and temperature maintained at 37°C. Cultures were seeded at 3 9 10 5 cells/ml from a stock of cells in the exponential phase (viability[95 %). Cells were grown in triplicate in batch and fed-batch cultures. The fed-batch cultures were fed with 5 ml of commercial feed (CHO-CDEfficient-Feed; Bioscience) at 24 h intervals. Samples of 2.5 ml were withdrawn at 24 h intervals and analysed for cell number and viability by staining with propodium iodide and using Cell Lab Quanta SC flow cytometer (Beckman Coulter Inc., Galway, Ireland) and the productivity of MAb was measured by ELISA according to Bi et al. (2004) .
The second cell line used in this work was CHO 320, a DHFR deficient mutant of CHOK1, which Chee et al. (2005) on CHO IFN-c cell line were used to verify and validate the methodology used for developing the Verhulst and the Monod models. The cells were cultured in 5L bioreactor (B. Braun, Melsungen, Germany) with working volume of 4 l culture medium (HyQ CHO MPS medium from Hyclone, Logan, UT, USA). Fed batch operation was performed using a modified online dynamic feeding strategy as described by Lee et al. (2003) . Details of fed batch and set-point control operations can be found in the published work of Chee et al. (2005) .
A measure of ''fit'' of a model to the experimental data is defined as the coefficient of determination:
where R 2 = goodness of fit, y i = observations, " y = average of observations, ŷ = estimated value of the observation and e = error term, y i -ŷ, i = 1, 2, 3, …n.
Modelling of bioprocesses
Verhulst population-based (V-PB) logistic models for growth The Malthus exponential model (Malthus 1798) predicted unlimited growth in population based on infinite resources.
where N(0) and N(t) are cell numbers at time 0 and t, and r is constant of proportionality.
Verhulst modified the Malthusian model to take into account finite resources for growth. The Verhulst model can be derived by truncating Taylor series after second term (Dym 2004) :
wherein r 1 , r 2 , r 3 , …etc. 1 0. r 1 Corresponds to uninhibited or net growth rate, and if the series is truncated after 2nd term, then r 2 signifies that growth rate stops when N(t) = N max , i.e., dN/dt = 0 and elimination of r 2 yields:
Let r 1 = r = initial or intrinsic growth rate, and at t = 0, N(t) = N(0) = N 0 and N max = K saturation level or carrying capacity. Thus Eq. (3) becomes:
In Eq. (4), r (h -1 ) becomes the relative growth rate when the effects of limiting factors are negligible (Brown and Rothery 1993), i.e., (1/N) dN/dt, the rate constant for potential exponential growth of the population. When the population size equals K (cell density/unit volume), also known as the equilibrium or saturation level, then from Eq. (6) the growth rate becomes zero and the population remains at that level. The multiplicative factor 1 -(N/K) accounts for a saturation level characteristic (K) of the environment that will give a stable population level. The Verhulst model constants, K, the carrying capacity (or overall saturation constant), and r, intrinsic growth rate, are determined by plotting the experimental data, ln N(t) versus (1/N) dN/dt; the intersect at the y-axis gives the value of r (h -1 ) (specific growth rate, l) and the one at x-axis represents the value of K (ln viable cell density (VCD)/unit volume) (Fig. 1a) .
Solving Eq. (6) by separating variables yields:
Equation (7) is called the Verhulst logistic equation, describing exponential growth rate with defined limitations. Equation (7) is asymptotic to the carrying capacity, i.e., as t ? ?, N(t) & K with specific growth rate (1/N) dN/dt decreasing linearly as the population increases, with slope -r/K, reaching zero at N & K.
However, Eq. (7) describes the exponential growth phase only, and hence another equation is required to describe the decline phase. Experimental data, used in the present work (vide infra), indicated that the cell growth and decline phases are symmetric at the point of maximum growth, N max at time, t max and therefore, the rate of decline in the vicinity of the peak of the cell density can be approximated to the rate of growth. Thus, the decline phase can be described by replacing the intrinsic growth rate constant in Eq. (7) from ?r to -r, and N 0 = N max i.e.
Equations (7) and (8) can be expressed with a single equation using the Heaviside step function:
where
Here, the constant, a, is based on the best 'fit' for the data. For the present data: a = 0.001 for batch culture and a = 0.00075 for fed-batch culture.
Verhulst substrate-based (V-SB) logistic model for growth
In the Verhulst (PB) model, the limited resources along with the growth were implicit in the K, carrying capacity. In order to determine explicitly the effects of the nutrients, particularly limiting substrate, Verhulst logistic equation was developed further to quantify the relationship between growth and the substrate (Edelstein-Keshet 2005). Thus, the reproductive rate k is simply proportional to the concentration C of the substrate,
where k, is constant of proportionality with dimensions, t -1 .
where a is units of nutrient consumed to produce one unit of population increment (i.e., yield Y = 1/a). Integrating Eq. (12) gives: ); b D1, data 1 (50 ml) for cell line CHOK1 SV, K V-MAb , carrying capacity (6.29 Ln MAb/ml), r V-PB , intrinsic productivity factor (0.0365 h (0) is a constant. If the initial population is very small then C 0 is equal to the initial amount of nutrient, C. Thus, substituting for C in the Eq. (14) yields:
The substrate based logistic Eq. (14) appears in population dynamics in the following form (Edelstein-Keshet 2005):
where N 0 = N(0) = initial population, r 0 = (kC 0 ) = intrinsic growth parameter, rate of consumption and B = (C 0 /a) = carrying capacity, cell density. The solution of the Eq. (15) is:
Thus, according to the Eq. (15) the carrying capacity and intrinsic growth parameter are influenced by substrate concentration and the rate at which it is converted into biomass (Y). The values of B, carrying capacity and r 0 , intrinsic growth factor are determined by substituting in the Eq. (15) values for dN/dt, the cell populations, N(0), N(t) and initial concentration of substrate C 0 . Thus, it is possible to determine the course or trend of the growth after 24 h and since, glucose is the growth substrate in all bioprocesses, the model can be used for optimising its initial concentration.
Verhulst logistic model for productivity of MAb (V-Pr)
The Verhulst population balanced concept was extended to productivity of MAb (V-Pr) by CHO-K1SV in the batch and fed-batch cultures. Thus, the cell growth Eq. (7) becomes:
where X 1 = Ln MAb at 24 h and X(t) after t-h, and, as before, K X = productivity potential and r x = productivity rate. The parameters, K X and r x , are determined in the same way as in the growth models, i.e., the logarithm of MAb titre, Ln X, to the specific rate of production, (1/X) dX/dt. The x-abscissa intercept of the resulting line is K X , productivity potential and r x , specific productivity rate is the y-ordinate intercept (Fig. 1b) . The parameters, carrying capacity and intrinsic growth factor, in the mathematical models for V-PB and V-SB for the growth and V-Pr for the productivity are of physical meaning (i.e., dimensional) and also biological significance and hence the models are classed as mechanistic (Prajneshu 1998; Wan et al. 2000) . Thus, the K and B (cell density) are the carrying capacity (a function of medium composition and mode of bioprocess i.e., batch or fed-batch) and r and r x (h -1 ), are intrinsic rate factors (reflecting the physiological state of the cells and mode of bioprocess). Thus, K s and rs are physical entities of biological and physical significance; if they were not of biological significance, then they would have been classed as empirical, just like 'black-box' cases (Roels 1983; Prajneshu 1998 ). Thus, all Verhulst-type models described here are mechanistic.
Monod-type logistic models for growth
During the last half-century, the concepts in microbial growth kinetics have been dominated by the relatively simple semi-empirical model proposed by Monod (1949) . The Monod model introduces the concept of growth controlling or limiting substrate. Thus, there is a causal relationship between the exhaustion of the limiting substrate and hence the Monod model can be considered deterministic.
Monod found that the logistic equation does not describe accurately bacterial growth. Therefore, Monod developed a new model, fashioned after Michaelis-Menten enzyme kinetics that fits the data:
where l and l max are specific growth rates, C s is the concentration of the limiting substrate (kmol m -3 ) and the constant K s , normally referred to as saturation constant, is equal to the substrate concentration at which the specific growth is half of l max (h -1 ). The Monod-type of logistic Eq. (18) is unstructured, unsegregated and deterministic, requiring no knowledge of underlying mechanism of biological phenomena. They are very useful for model-based application for monitoring and control of bioprocesses (Kontoravdi et al. 2010 ).
Monod made the link between growth and substrate utilisation:
where Y NC s is the yield coefficient, a measure of the conversion efficiency of a growth substrate into cell density (N). Thus, Eq. (18) describes an unstructured, unsegregated and deterministic model, with the rather erroneous assumption that cells grow with constant composition and yield, i.e., growth is independent of biomass composition (Thingstad 1987) . The Verhulst's logistic equation is based on the concept of a saturation level for a stable population in a given growth environment and resources. In Monod models (Monod 1949) this concept is narrowed to a specific growth resource, termed a ''growth-limiting substrate'', as in the substrate-enzyme-product reactions. In classical macroscopic models, the cells are considered nothing but catalysts for the conversion of substrate into products (Provost, and Bastin 2004) . Therefore, the Monod's empirical expression, which is a mathematical homologue (Roels 1983 ) of the Michaelis-Menten equation for enzyme reactions, relating the specific growth rate to substrate concentration, works very well in practice.
When glucose is the limiting substrate (as in most fermentation processes), the value of K s , the saturation constant, is in the micro-molecular range (milligrams per litre). Therefore, its value is difficult to determine experimentally (Nielson et al. 2003) . Hence, the K s are selected from the literature (Nielson et al. 2003 ) and adjusted to fit the experimental data. However, a large variation has been observed in the published values of saturation constants because they (constants) do not reflect the effects of media and growth conditions between the bioprocesses (Kovarova- Kovatr and Egli 1998; Alexander 1999; Ferenci 1999; Grady et al. 1999 ).
Therefore, it was decided to develop Monod-hybrid model in search of physical meaning of saturation constants K s . It has been argued that substrate uptake is often involved in substrate metabolism (a series of enzymatic reactions within the cell). In developing a Monod-hybrid model it is assumed that à priori knowledge is known, i.e., K s represents all the reactions lumped together to fit the average substrate influence on the cellular reactions. Thus, K s represents the overall saturation constant for the whole growth process, i.e., all of the cellular reactions are pooled into a single reaction, which converts substrate into biomass (Nielson et al. 2003) . This is why the Monod model works so well in fitting the experimental growth kinetic data. Given the relative success of the Monod approach, several other unstructured kinetic models have been developed and proposed (Nielson et al. 2003) .
Sometimes the metabolic end products, e.g., lactic acid, alcohol, ammonia, etc. inhibit cell growth, in the same way as enzyme inhibitors in enzyme reactions. Therefore, the Michaelis-Menten equation for noncompetitive inhibition in enzyme is also applicable for the cell growth. Thus, an inclusion of inhibitory term in Eq. (18) yields the analogue of Michaelis-Menten equation:
where C p denotes concentration of inhibitor produced by the cells and K I , is the saturation constant for inhibition. Portner and Schafer (1996) found that irrespective of the cultivation mode, i.e., batch or fed-batch, the growth of the cell lines follows the same kinetics and, therefore, it is possible that data gained from batch experiments can be extended to continuous fed-batch cultures (Kontoravdi et al. 2010; Hu 2004) . Therefore, in the present work, a numerical approach was developed to estimate the Monod model constants, using transformed batch Data-2, -3 and -4, and then the batch models, thus arrived at, were applied to their respective bolus and continuous fed-batch cultures.
In the present study, CHO 320 (IFN-c) and CHO IFN-c cell lines were grown in the medium containing the substrates, glucose and glutamine; the end-metabolites (inhibitors) of which are lactate and ammonia respectively. Therefore, the Monod logistic Eq. (21) becomes
where l, is growth rate, l max is maximum growth rate, C G , C GT , C L and C A are the concentration of glucose, glutamine, lactate and ammonia respectively, and K G , K GT , K L and K A are the corresponding Monod model constants and i = 1, 2, 3 … n. In Eq. (20), except for the Monod model constants, all other variables are determined experimentally. Glucose was the limiting substrate in the D2 and D3, and glutamine in the D4. The values of Monod constants in the Eq. (22) were determined by using the experimental Batch Data D2, D3 and D4. Cell growth is inherently nonlinear. The function (lsqcurve) in MATLAB was used for determining the model constants. The function (MATLABlsqcurve), given the initial guesses, finds coefficients of x to best suit the nonlinear function fun (x, xdata) to the ydata (in the least-squares sense). The accuracy of the constants increases with an increasing number of observations. The Monod constants, thus determined, were used to develop Monod batch models, which were then applied to the corresponding fed-batch data (bolus and continuous) to calculate l t at different times (22). The cell number then can be computed by using the following expression:
where N is Ln VCD at t ant t ? 1, Dt is time interval between t and t ? 1 and l t is the specific growth rate at time t.
Results and discussion
Abbreviations for the bioreactors are given in Table 1 . The Verhulst models: V-PB and V-SB were developed for prediction of cell density (VCD/ml) in all batch and fed-batch cultures of data: D1, D2 and D4, and V-Pr for prediction of productivity (MAb lg/l) in batch and fed-batch cultures of D1. The Monod-type logistic models were developed for prediction of growth only in the batch and fed-batch cultures of the data: D2, D3 and D4. The results of model constants for the Verhulst and the Monod models are included in Table 2 and the efficacies of Verhulst and Monod models are given in Table 3 .
Verhulst models
The Verhulst models were validated by comparing the predicted values with the respective new experimental data. The results are presented in Table 3 and Fig. 3a-d . Figure 2a , b represents the new batch and fed-batch data (growth and productivity, respectively) for validation of the Verhulst models. Thus, Fig. 2 describes the experimental growth data of the new batch and fedbatch (50 ml bioreactor) and Fig. 2b describes the productivity data of the new batch and fed-batch cultures (50 ml bioreactor). Figure 3 describes the validation of the Verhulst models for the growth and productivity: (a) B-batch growth data; (b) B-batch productivity data; (c) BFB-fed-batch growth data; (d) BFB-fed-batch productivity data. The Verhulst Population-Based (V-PB) models for the growth and productivity of B-D1 and BFB-D1 were found to be in almost complete agreement (R 2 [ 0.985) with the observed values of VCD and MAb titre. Thus, the results of the Verhulst models for growth and productivity confirmed that the model constants K (N max , VCD/ml) and r (intrinsic growth rate, h -1 ) are physical dimensional entities. Besides, the differences in intrinsic factor r, as in the batch and fed-batch, influence inversely the carrying capacity, K, i.e., the lower the r, the higher the K (Table 2 ; Fig. 1a, b) . In the case of the fed-batch culture (BFB-D1), a lower intrinsic growth factor is not only indicative of higher cell numbers but more importantly a longer exponential phase (B-D1: 144 h, BFD1: 176 h), as shown in Fig. 2a, b . Thus, the Verhulst model constants, K and r, having physical dimension are of biological significance because together they define trajectory of the bioprocess.
The results in the Fig. 2a, b show that the observed values of the growth and productivity for the batch culture (VCD: 8.4 x 10 6 cells/ml and MAb: 532 lg/ml) and fed-batch culture (VCD: 12.3 x 10 6 cells/ml and MAb: 875 lg/ml) are in the same proportion as their respective carrying capacities (K s ): K VCD : 15.1 x 10 6 cells/ml versus 1.6 x 10 6 cells/ml and K MAb : 546 versus 841 lg/ml. Thus, the carrying capacity is a good indicator of the potential for growth and productivity. It is important to note that whilst CHO cells reached the carrying capacity of the productivity K V-MAb (overall saturation constant), they fell well short (&45 %) of the carrying capacity for the growth K V-PB because the Verhulst models do not make separate allowances for the part of the substrate, which is used for cellular functions other than growth as well as inhibitory effects of lactate.
The carrying capacity of growth and productivity in the Verhulst models indicated that though the batch and fed-batch cultures (B-D1 and FB-D1, see Table 1 ) did not reach their full growth potential but they did achieve their full potential for MAb production. This suggests that the antibody production is non-growth NM not measured Cytotechnology (2015) 67:515-530 523 associated and the higher productivity in the fed-batch culture can be attributed to the longer exponential phase and longevity as compared to batch culture (Agrawal et al. 1989; Llyod et al. 1999) . It is evident from the comparison of growth and productivity of the B-D1 and BFB-D1 that the carrying capacity K (or N max , and X max ) depends on the composition of the culture medium for a given cell line, e.g., batch and fed-batch. The growth and productivity in the fed-batch culture is higher than that in the batch culture since the growth resources are replenished periodically (Fig. 2a, b respectively) . Thus, the K s reflect the potential of a given culture medium for the growth or productivity. On the other hand, intrinsic factors, rs depend mainly on the physiological state of the cells though it is also influenced by the growth medium. Contrary to Goudar et al. (2005) , Hu and Peshwa (1991) are of the view that the kinetics rate of state variables cannot determine the physiological state of the culture because of the intrinsic complexity of animal cells.
As discussed before, the reason for the lower value of growth factor r for the fed-batch culture is the periodic additions of soy hydrolysate, which may cause metabolic shift from proliferation to protein synthesis (Korke et al. 2004; Kumar et al. 2007 ). This is evident from the data for 50 ml bioreactor which showed an increase in MAb production (B-D1 546 lg/ml, BFB-D1: 841 lg/ml) and a reduction in lactate production (B-D1: 24 mM/l, BFB-D1: 17 mM/l), a sign of slowing down of growth. The model simulation indicated that a high level of lactate can contribute to the reduction of glycolytic process (hence growth), as well as, acting as a driving force for its conversion to pyruvate (Mullkutla et al. 2012) . It is evident from the growth results for B-D1 and BFB-D1 (Fig. 2a, b) that the intrinsic growth factor r (0.0177 and 0.0142 h -1 for B-D1 and BFB-D1, respectively) influences the carrying capacity K for growth, but, most importantly, the length of the exponential phase (B-D1: 144 h, BFD1: 176 h). It has been shown that the expression of proteins like MAb reaches its peak in the exponential phase (Leelavatcharamas et al. 1996; Mochida et al. 2000) , particularly when the feed contains soy peptides since it alleviates the metabolic stress. Therefore, the longer the exponential phase lasts, the greater the MAb productivity. Thus, the Verhulst model constants, K and r, which are of biological significance, can be employed in a large scale production as reliable indicators of growth and productivity, and useful for optimisation of the cell cultures. The comparison of the Verhust models for the growth and productivity indicates that a single exponential model can describe the productivity in the batch and fed-batch cultures. The productivity profiles of the batch and fed-batch plateaued when the productivity potential (K X ) is reached (Fig. 2b) . Thus, it appears that the mechanism of the productivity may be different than the growth one.
The V-PB and V-Pr models were also found to be very effective (R 2 & 1) in predicting the growth (VCD) and productivity (MAb titre) in the B-D1 and BFB-D1 cultures of CHOK1SV cell line ( Fig. 3a-d) . Most importantly Fig. 3c, d , representing growth and productivity, respectively, of the fed-batch culture, show that the predictive power of V-PB and V-Pr remains unchanged despite the changes in the composition and volume of the culture medium, resulting from the daily (24 hourly) feedings of soy hydrolyse (dotted line joining the growth and productivity densities before and after addition of nutrients). Therefore, Verhulst models could be useful in optimising media composition for growth and productivity. It is also worth noting that unlike Monod-type models, the Verhulst models and their descendants, like ''a four-parameter generalized logistic'' models are not affected by the death rate of the cells (Goudar et al. 2005) . The efficacies of the two Verhulst models, i.e., V-PB and V-SB, for D2 (cell line: CHO 320 (IFN-c); bioreactor capacity: 3 l) and D4 (cell line: CHO IFNc; bioreactor capacity: 3 l; Chee et al. 2005 ) were compared by plotting the predicted model values against the observed ones (Figs. 4a-c, 5a, b) respectively. The results indicated that, except for CFB-D4 (R 2 = 0.91), both V-PB and V-SB models were very good predictors of VCDs (R 2 C 0.95) in all three modes of operations, i.e., Batch (B-D2 and B-D4), bolus Fed-batch (BFB-D2) and Continuous culture (CFB-D2 and D4). However, there is a slight, but noticeably discrepancy between the values predicted by V-PB and V-SB (Figs. 4a-c, 5a ). The differences between them are reflected in their respective K s and rs i.e., the lower the rs, the higher the K s ( Table 2) .
The Verhulst growth models (V-PB and V-SB) did not perform so well with the fed-batch case CFB-D4 (R 2 = 0.91) compared to the batch B-D4 case (R 2 = 0.98 and 0.95, respectively). The culture medium for CFB-D4 with glutamine as a limiting substrate (0.3 mM) is specifically designed for maintenance and promotion of cell functions such as substrate for protein synthesis, an oxidative fuel protein synthesis, inter-organ nitrogen transfer etc. (Newholme et al. 2003) . Thus, it appears that in the glutamine limited CFB-D4 culture medium there is a definite metabolic shift from proliferation to protein synthesis (Korke et al. 2004; Kumar et al. 2007 ), which may account for the ''goodness of fit'' (R 2 = 0.91) not being as good as in the V-PB and V-SB models for B-D4. In contrast, BFB-D2 and CFB-D2 cultures (R 2 C 0.95) are grown in glucose limiting media where cells are not subjected to metabolic shift. This point is further discussed under the Monod model for CFBS.
Evaluation of Monod-hybrid models
The Monod model constants, K G , K Gt , K L and K A (Table 2) , in the Eq. (20) were determined by regression method using the transformed experimental batch data: B-D2, B-D3 and B-D4 (Table 2 ). The Monod batch models, thus arrived at, are applied to the respective bolus and continuous fed-batch cultures for validation. The efficacies of the Monod batch models are described in Figs. 6, 7 and 8, and the results of ''goodness of fit'' are given in Table 3 . The Monod batch models gave very good correlation (R 2 & 0.95) with the B-D2 (Fig. 6a) , B-D3 (Fig. 7a) and B-D4 (Fig. 8a) . However, effectiveness of the extension of the Monod batch models to the corresponding bolus and continuous fed-batch cultures has been somewhat mixed (cf. Table 3) .
Except for CFBS-D4, these Monod models, when compared with the Verhulst fed-batch models (R 2 C 0.97, cf. Table 3 ), did not correlate as well with the experimental data for the BFB-D2 and BFB-D3 The most probable reason could be that the inhibitory effects of the lactate which is nearly threefold higher in BFB-D2 and BFB-D3, and CFB-D2 and CFB-D3 compared to their respective batch cultures. Glucose is a limiting substrate in the bolus and continuous fed-batches of D2 and D3. High levels of glucose can result in high levels of lactate through glycolysis. Lactate accumulation can reduce the pH throughout the culture and low pH can be detrimental to cell viability and productivity (Hassell et al. 1991) . High lactate concentration leads to the dramatic osmolality increase that accompanies the addition of base needed to maintain pH (Li et al.2010) . Thus, high lactate concentration has destabilising effects on the cells growth and viability (Li et al.2010) . Thus, this very high concentration of lactate might have a distorting effect when the Monod batch models are extended to the fed-batch cultures of D2 and D3. Despite this, all of the Monod batch models, B-D2 and B-D3 for BFB and CFB of D2 and D3 were found to be good indicators of growth, thus, validating the regression methods used in the determination of the Monod model constants (parameters).
In D4, the limiting substrate is glutamine. The correlation between the B-D4 model and experimental data for the CFB-D4 was found to be of the same order for the Monod and the Verhulst models (R 2 & 0.91). Therefore, the Monod B-D4 growth model for CFB-D4 can be considered to be as good as the Verhulst model for it. Thus, the carrying capacity K, for growth in the Verhulst model, which is an ''overall saturation constant'', appears to be equivalent to the ''combined saturation constants'', K G , K Gt , K L and K A , in the Monod growth model. This is compelling evidence in support of Monod's concept of fashioning logistic growth model for yeast after Michaelis-Menten enzyme kinetics (Monod 1949) .
As discussed before with the Verhulst models, the CFB-D4 culture with glutamine as the limiting substrate is prone to the metabolic shift from growth to protein production as evident from the increase in the production of IFN-c by CHO IFN-c cell line from 3 mg/l in the batch culture to 27 mg/l in the fed-batch culture. Moreover, and more importantly, it was noticed with CFB-D4 (see Table 1 ) that as the lactate concentration starts dropping (from 28 to 21 mM/l) from 152 h onward (i.e., the start of decline phase), the Monod model for the growth rate (l) (Fig. 8b) , starts deviating from the observed growth profile. However, the reduced form of the Monod model, i.e., [C L / (K L ? C L )], for this region (152-249 h) found to be effective in bringing the estimated values of the growth rate (l) in line with the observed ones (Fig. 8b-Model-L) . The effectiveness of the reduced form of the model (152-249 h) suggests that the role of the lactate changes from being an inhibitor to the growth supporting substrate (Nielson et al. 2003 ) in the decline phase, i.e., effectively describing the decline phase. Thus, the reduced form of the Monod model is a mathematical description of ''metabolic flux''. This is a significant finding because the reduced form of Monod-hybrid model is identical to the MichaelisMenten enzyme kinetic equation. The present work implies that the Verhulst and the Monod models are not able to cope with exceptional phenomena such as metabolic shift in continuous fed-batch cultures and this fact must be taken into account in simulation work for optimisation of a bioprocess.
Since both Verhulst and Monod models show the same ''goodness of fit'' deficiencies, it is within reason to use an empirical factor (such as 1.09 in the present case) to bring in line the predicted values of growth rate (ls) with the observed ones. Thus, the model constants derived from the batch data are also valid for fed-batch cultures, confirming the supposition that the growth of the cell lines follows the same kinetics irrespective of mode of the cultivation, batch or fed-batch (Portner and Schafer 1996) ; the combined effect of Monod model constants is the same as the Verhulst model constants; the reduced form of Monod-hybrid model describing the decline phase of the fed-batch culture is the same as the Michaelis-Menten equation. All of these findings taken together imply explicitly that the constants in Monod-hybrid model are of biological significance. Thus, the constants in the Monod model may not have physical meaning, but they certainly behave as if they are of biological significance.
In summary, the Verhulst model effectively described the batch and fed-batch growth kinetics of all three cell lines (R 2 [ 0.95). Verhulst logistic models for growth and productivity are mechanistic, i.e., the model constants (K and r) have physical meaning and they are of biological significance influencing directly growth and productivity, i.e., a slightest difference in the intrinsic growth factor r, as in the batch and fed-batch cultures, is magnified in their carrying capacity, K. Thus, intrinsic growth factor truly reflects the physiological state of the cell culture not the rates of other state variables (Hu and Peshwa 1991) . The study also shows that the Verhulst models (V-PB, V-Pr) are quite robust, unaffected by changes in volume and composition and hence could be very useful for the laboratory scale (*50 ml) optimisation of culture media for growth and productivity or developing a feeding strategy for fed-batch or for screening the cell lines for specific productivity (lg/cell-day). Further, Verhulst models, V-PB and V-SB, are unperturbed by the mode of bio-reactor i.e., batch, bolus or continuous or limiting-substrate (glucose or glutamine) or volume capacity (50 ml, 3 l or 15 l). Since the Verhulst model constants, K and r, have physical meaning and are of biological significance, they can be employed in large-scale production as reliable indicators of growth and productivity and are useful for optimisation of cell cultures. The V-SB model is particularly useful for determining the values of carrying capacity, B, and the intrinsic growth factor, r, at the end of the first cell cycle, i.e., 24 h, because taken together they set the trajectory for the cell growth. Since glucose is the growth substrate in all bioprocesses, the model can be used for optimising its initial concentration.
The experimental evidence (3 and 15 l CHO cultures) suggests strongly that the Monod-hybrid model is pseudo-mechanistic, i.e., model constants within them may or may not have physical meaning, but their influence on the growth is biologically significant. Thus, the constants in the Monod models, determined by regression methods (MATLAB) using the relevant batch data, were found to be effective in predicting growth in the bolus and continuous fedbatch cultures (D2, D3 and D4); however, sufficiently large observations are required to improve their accuracy. Nevertheless, the positive results in the application of the Monod batch models indicate that batch processes can be used for standardisation and optimisation of the fed-batch cultures. The comparison of the two types of logistic models suggests that the carrying capacity for growth in the Verhulst model is an ''overall saturation constant'' equivalent to the ''combined saturations constants'', K G , K Gt , K L and K A , in the Monod model. Further, the effectiveness of the reduced form of Monod-hybrid model to describe decline phase (cf. Fig. 8b ) clearly justifies Monod's concept of fashioning the logistic growth model for yeast after Michaelis-Menten enzyme kinetics. The results (Figs. 5, 8) clearly support the modelling methods used in the present work. Finally, the present work provides a mathematical description of ''metabolic shift'', which could have a distorting effect on the model simulation for optimisation. Yet, this problem of modelling of growth during metabolic shift in fed-batch cultures remains hitherto unaddressed.
